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Ëèêâèäíîcòü è Ôèíàíñîâûå Ðûíêè

• Ôèíàíñîâûå ðûíêè ïðåäîñòàâëÿþò ó÷àñòíèêàì ðûíêà
ïëàòôîðìó, ãäå îíè îáìåíèâàþòñÿ ðèñêàìè.

• Óñëóãà òðàíñôåðà ðèñêà íå ÿâëÿåòñÿ áåñïëàòíîé.
Ëèêâèäíîñòü - ýòî ìåðà ïëàòû çà äàííóþ óñëóãó (fees,
spread, price impact, resilience).

• Òðàíçàêöèîííûå èçäåðæêè, ìàðæèíàëüíûå òðåáîâàíèÿ,
ðåïî haircuts.
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Ëèêâèäíîñòü è Ôèíàíñîâûé Êðèçèñ

• Âîïðîñû ëèêâèäíîñòè ñòàëè îñîáåííî àêòóàëüíû âî âðåìÿ
2008-2009.

• Íåëèêâèäíûå àêòèâû è ëèêâèäíûå ïàññèâû áàíêîâ.
Íåñîñòîÿòåëüíîñòü áàíêîâ èëè íåëèêâèäíîñòü àêòèâîâ?

• Îòòîê ôèíàíñèðîâàíèÿ ÷àñòî ïðèâîäèò ê ëèêâèäàöèè
íåëèêâèäíûõ àêòèâîâ ïî äèñêîíòíûì öåíàì, öåïíîé
ðåàêöèè, ïîòåíöèàëüíî contagion è êîëëàïñó áàíêîâñêîé
ñèñòåìû. Ðàçíîãëàñèå â îöåíêàõ ëèêâèäíîñòè àêòèâîâ
ìîæåò îñëîæíèòü ðàáîòó ðûíêà ðåôèíàíñèðîâàíèÿ.

• Êàê ìîæíî îöåíèâàòü ëèêâèäíîñòü è óïðàâëÿòü åé (â
äîïîëíåíèå ê capital & leverage requirements)
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Ðåôîðìû ïî ëèêâèäíîñòè -I

Basel III - ìèíèìàëüíûå òðåáîâàíèÿ ê ëèêâèäíîñòè (íàïðèìåð,
áîëåå âûñîêèå òðåáîâàíèÿ â ÑØÀ):

• LCR (liquidity coverage ratio) - äîñòàòî÷íîñòü ëèêâèäíûõ
àêòèâîâ äëÿ ïîêðûòèÿ 30-äíåâíîãî îòòîêà
ôèíàíñèðîâàíèÿ.

HQLA(assets/haircuts)

30− dayNetOutflow
> 100%
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Ðåôîðìû ïî ëèêâèäíîñòè -II

Basel III - ìèíèìàëüíûå òðåáîâàíèÿ ê ëèêâèäíîñòè (íàïðèìåð,
áîëåå âûñîêèå òðåáîâàíèÿ â ÑØÀ):

• NSFR (Net Stable Funding Ratio) - äîñòàòî÷íîñòü
äîëãîâðåìåíîãî ôèíàíñèðîâàíèÿ (available stable funding)
äëÿ ïîêðûòèÿ àêòèâîâ ïðè èõ �ëèêâèäàöèè� ñ ó÷åòîì
äèñêîíòà ëèêâèäíîñòè (required stable funding).

Ìåíåå ðèñêîâàííûå àêòèâû ìåíüøå íóæäàþòñÿ ñòàáèëüíîì
ôèíàíñèðîâàíèè è èìåþò íåáîëüøîé ôàêòîð RSF. Ìåíåå
ñòàáèëüíîå ôèíàíñèðîâàíèå èìååò ìåíüøèé âåñ ASF.

Êîììåíòàðèé: Â ôîðìóëàõ ìíîãî �çàøèòûõ� âåñîâ,
ñâÿçàííûõ ñ ëèêâèäíîñòüþ. Îïòèìàëüíîñòü?
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Ëèáî Ýôôåêòèâíîñòü Ëèáî Íàäåæíîñòü

• Áîëåå ýôôåêòèâíîå èñïîëüçîâàíèå êàïèòàëà (ìåíüøå
áóôåð êàïèòàëà, äåøåâîå ôèíàíñèðîâàíèå è
èíâåñòèðîâàíèå â áîëåå �ïðèáûëüíûå� íåëèêâèäíûå
àêòèâû) ïðèâîäèò ê óñêîðåíèþ ðîñòà ýêîíîìèêè è
áîëüøèì ïðèáûëÿì â ôèíàíñîâîì ñåêòîðå.

• Íî òàêæå äåëàåò ñèñòåìó ìåíåå óñòîé÷èâîé ê øîêàì è
âíóòðåííèì äèñáàëàíñàì (îøèáêè ïðè èíâåñòèöèÿõ â
íåïðàâèëüíûå ñåêòîðà) è ïðèâîäèò ê ñèñòåìíûì ðèñêàì.

• Ïðèâàòèçàöèÿ ïðèáûëè è íàöèîíàëèçàöèÿ óáûòêîâ (risk
shifting) âåäåò ê íåîáõîäèìîñòè ðåãóëèðîâàíèÿ
ôèíàíñîâîãî ñåêòîðà (â èíòåðåñàõ íàëîãîïëàòèëüùèêîâ)

×åì áîëüøå ìû çíàåì î ëèêâèäíîñòè è èçó÷àåì íàøó
ýêîíîìèêó, òåì ëåã÷å íàéòè îïòèìàëüíóþ òî÷êó â ýòîì trade-o�.
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Äàííûå

• Ìîíèòîðèíã - ñáîð àãðåãèðîâàííûõ ïåðâîíà÷àëüíûõ
äàííûõ (êîíöåíòðàöèÿ ïî êðåäèòîðàì, âàëþòàì, äàòàì).
Äàëüíåéøàÿ ïðîâåðêà è àíàëèç äàííûõ ðåãóëÿòîðàìè,
àíàëèç îáùåé ìàêðî-ñòàáèëüíîñòè.
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Ìèêðîñòðóêòóðà Ðûíêà

- îáëàñòü ôèíàíñîâ, èçó÷àþùàÿ ëèêâèäíîñòü.

• Òåîðèÿ (òåîðèÿ èãð, èíôîðìàöèîííàÿ ýêîíîìèêà) è
ýìïèðèêà (ìàëî êà÷åñòâåííûõ èñëåäîâàíèé ïî Ðîññèè);

• Êòî çàíèìàåòñÿ èçó÷åíèåì ëèêâèäíîñòè?

• Ïðàêòèêè (asset managers, traders), ðåãóëÿòîðû, ñîòðóäíèêè
áèðæ è ó÷åííûå.

• Ìèêðîñòðóêòóðà êàê ÷àñòü ôèíàíñîâîé ýêîíîìèêè;
ýêîíîôèçèêà; ìàòåìàòèêà, ñòàòèñòèêà è èññëåäîâàíèå
îïåðàöèé/engeeniring.
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Ëèêâèäíîñòü

• Ëèêâèäíîñòü èìååò ðàçíûå àñïåêòû: ñïðåä/spread äëÿ
ìàëåíüêèõ òðàíçàêöèé, ãëóáèíà ðûíêà/market depth äëÿ
áîëüøèõ òðàíçàêöèé, ðåëàêñàöèÿ/resilience äëÿ òðàíçàêöèé
âî âðåìåíè.

• Îòñóòñòâèå îáùåïðèçíàííûõ ìîäåëåé è îïðåäåëåíèé.
Íàïðèìåð, èçäåðæêè íà $1-òðàíçàêöèþ, íà 1%ADV, íà 1%
êàïèòàëèçàöèè, íà ñðåäíþþ òðàíçàêöèþ? â äîëëàðàõ èëè
% èëè â åäèíèöàõ âîëàòèëüíîñòè?

• Ïîñòîÿííûé è âðåìåííûé öåííîâûå ýôôåêòû, permanent
and temporary impact.

• Ðàçëè÷íûå market frictions ìîãóò âëèÿòü íà ðûíîê.
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Ôîðìóëà äëÿ èçäåðæåê %Cost

Èçäåðæêè % Cost = F(ïàðàìåòðû ðûíêà - îáúåì, âîëà,..;
ðàçìåð çàÿâêè; ñêîðîñòü èñïîëíåíèÿ,..);

• îöåíêè ôóíêöèé äëÿ êàæäîãî èíñòðóìåíòà èëè ñåãìåíòà
ðûíêà ïî îòäåëüíîñòè;

• ad hoc îáùèå îöåíêè (Barra model, ðàáîòû Almgren et al);

• èíâàðèàíòíîñòü ìèêðîñòðóêòóðû ðûíêà (Kyle and
Obizhaeva) âíóòðåííå íåïðîòèâîðè÷èâûå ôîðìóëû,
òåîðåòè÷åñêè îáîñíîâàííûå è çàâèñÿùèå îò âñåãî
íåñêîëüêèõ êîíñòàíò.

Ýòè íàðàáîòêè ìîãóò áûòü èñïîëüçîâàííû äëÿ íàñòðîéêè
ðåãóëÿòèâíûõ ïðàâèë è ñòðåññ-òåñòîâ, íî íåîáõîäèìû
äàëüíåéøèå èññëåäîâàíèÿ.
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Îñíîâíàÿ Ïðîáëåìà - Low Stat Power

Ïðåäðîëîæèì, ÷òî 1% ADV äâèãàåò öåíó íà 20 bps, à äíåâíàÿ
âîëàòèëüíîñòü 200 bps. Çàÿâêà îáúÿñíÿåò òîëüêî 1% returns
variance. Ïðè ïðàâèëüíî âûáðàííîé ìîäåëè R squared áóäåò
ðàâåí 1%!

Äëÿ îöåíêè íåîáõîäèìî ìíîãî íàáëþäåíèé îá èñïîëíåíèè
î÷åíü áîëüøèõ çàÿâîê.
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Îñíîâíàÿ Ïðîáëåìà - Selection Bias

Îáû÷íî ôóíêöèþ òðàíçàêöèîííûõ èçäåðæåê ñëîæíî îöåíèòü,
òàê êàê îöåíêè îáû÷íî ñìåùåíû èç-çà êîððåëÿöèè ìåæäó
òðàíçàêöèÿìè è èçìåíåíèåì öåí.

Çàÿâêè óäàëÿþòñÿ, åñëè öåíà èçìåíÿåòñÿ â íåïîäõîäÿùåì
íàïðàâëåíèè, è óâåëè÷èâàþòñÿ, åñëè öåíà èçìåíÿåòñÿ â
áëàãîïðèÿòíîì íàïðàâëåíèè. Òàê êàê ñàìûå äîðîãèå çàÿâêè
áóäóò íå èñïîëíåíû, à ñàìûå äåøåâûå áóäóò èñïîëíåíû, òî åñòü
èçäåðæêè áóäóò êàçàòüñÿ íåáîëüøèìè.
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Barra Model, 1997

�Active Portfolio Management,� Richard Grinold and Ronald Kahn,
Torre's model

%Cost = α1 · σ ·
√
Q

V
+%spread

Q - îáúåì ïîçèöèè â êîíòðàêòàõ
V - ñðåäíèé äíåâíîé îáúåì â êîíòðàêòàõ
σ - äíåâíàÿ âîëàòèëüíîñòü â ïðîöåíòàõ
α1 = 0.5 (èëè ∆P = 1 · σ ·

√
Q/V äëÿ èçìåíåíèÿ öåí)
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Almgren Model, 2005

�Direct Estimation of Equity Market Impact,� R.Almgren at el.

%Cost =
1

2
· α2 · σ · Q

V
·
(cap

V

)1/4
+ α3 · σ

( Q

V ·Tliq

)3/5
.

Q - îáúåì ïîçèöèè â êîíòðàêòàõ
V - ñðåäíèé äíåâíîé îáúåì â êîíòðàêòàõ
cap - êàïèòàëèçàöèÿ â êîíòðàêòàõ
σ - äíåâíàÿ âîëàòèëüíîñòü â ïðîöåíòàõ
Tliq - âðåìÿ ëèêâèäàöèè
α2 = 0.314 è α3 = 0.142.
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Ìèêðîñòðóêòóðíàÿ Èíâàðèàíòíîñòü

�Market Microstructure Invariance,� Kyle & Obizhaeva,
Econometrica, 2016.

• Âñå ðûíêè ïîõîæè, íî áîëåå ëèêâèäíûå ðûíêè èìåþò
áûñòðîå âðåìÿ, à ìåíåå ëèêâèäíûå ðûíêè èìåþò
ìåäëåííîå âðåìÿ.

• Áèçíåñ âðåìÿ ñâÿçàííî ñî ñêîðîñòüþ ïðèáûòèÿ íîâûõ èäåé
(bets). Â áèçíåñ âðåìåíè âñå ðûíêè èäåíòè÷íû (ïðè
îòñóòñòâèè market frictions), òî åñòü èäåíòè÷íû äîëëàðîâûå
ðèñê-òðàíñôåðû Ĩ è äîëëàðîâàÿ ïëàòà çà íèõ C (I ),

Ĩ = P · Q̃ · σ
√
γ
, C (I ).

• ãäå öåíà àêòèâà P, äíåâíàÿ âîëàòèëüíîñòü σ, êîëè÷åñòâî
çàÿâîê γ â äåíü è èõ ðàçìåð Q.
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Ìèêðîñòðóêòóðíàÿ Èíâàðèàíòíîñòü

• Â êàëåíäàðíîì âðåìåíè ðàçíûå ïåðåìåííûå (ðàçìåð
çàÿâîê, èõ êîëè÷åñòâî, ñïðåä, ãëóáèíà ðûíêà, resilience)
îïèñûâàþòñÿ ðàçíûìè ñòåïåííûìè ôóíêöèÿìè îò îáúåìà
òîðãîâ è âîëàòèëüíîñòè.

γ ∼ (V · P · σ)2/3

P · Q · σ ∼ (V · P · σ)1/3

• èëè

Q

V
∼ (V · P · σ)−2/3
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Äîêàçàòåëüñòâî

Ðèñê-òðàíñôåð Ĩ := P·Q̃·σ
γ1/2

ÿâëÿåòñÿ èíâàðèàíòîì, à îáúåì

òîðãîâ V = E |Q̃| · γ, ïîýòîìó ïîëó÷àåì

γ · E |Q̃| · P · σ = V · P · σ

è scaling laws äëÿ êîëè÷åñòâà çàÿâîê â äåíü γ è èõ ðàçìåð Q:

γ ∼ (V · P · σ)2/3

P · Q · σ ∼ (V · P · σ)1/3
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Èíâàðèàíòíîñòü Ìèêðîñòðóêòóðû Ðûíêà

Îöåíêà ðàñïðåäåëåíèÿ ðàçìåðà çàÿâîê (bets). Çàÿâêè |Q̃|/V
ðàñïðåäåëåíû ïðèáëèçèòåëüíî ëîã-íîðìàëüíî ñ ëîã-âàðèàöèåé
2.53, à êîëè÷åñòâî çàÿâîê â äåíü γ îïðåäåëÿåòñÿ êàê

ln γ = ln 85+
2

3
ln
[ V · P · σ
(0.02)(40)(106)

]
.

ln
[ |Q̃|
V

]
≈ −5.71− 2

3
· ln
[ V · P · σ
(0.02)(40)(106)

]
+

√
2.53 · N(0, 1)

Íàïðèìåð, äëÿ àêöèè ñ äíåâíîé âîëàòèëüíîñòüÿ 2%, öåíîé $40,
è äíåâíûì îáúåìîì ìëí àêöèé, íà ðûíêå áóäåò 85 bets, èõ
ìåäèàííûé ðàçìåð 0.33%ADV èëè $132500, èõ ñðåäíåå
1.17%ADV èëè $469500, 1std 1.50%ADV. Ïîêóïêè è ïðîäàæè -
ñèììåòðè÷íû.
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Èíâàðèàíòíîñòü Ìèêðîñòðóêòóðû Ðûíêà

Îöåíêà èçäåðæåê %Cost(V ,P , σ,Q) äëÿ çàÿâêè Q:

• Linear price impact (ëèêâèäàöèÿ â åñòåñòâåííîì òåìïå):

σ

0.02

(8.21
104

·
[

V · P · σ
(0.02)(40)(106)

]-1/3
+
2.50

104
·
[

V · P · σ
(0.02)(40)(106)

]1/3 Q

(0.01)V

)
.

• Sqrt price impact (ëèêâèäàöèÿ â åñòåñòâåííîì òåìïå):

σ

0.02

(2.08
104

·
[

V · P · σ
(0.02)(40)(106)

]-1/3
+
12.08

104
·
[ Q

(0.01)V

]1/2)
.

Íàïðèìåð, äëÿ àêöèè ñ äíåâíîé âîëàòèëüíîñòüÿ 2%, öåíîé $40,
è äíåâíûì îáúåìîì ìëí àêöèé, èñïîëíåíèå 1%ADV áóäåò
èìåòü 2.50 bps price impact è 8.21 bps ñïðåä, âñåãî 10.71 bps.
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Dimensional Analysis and

Market Microstructure Invariance

Albert S. Kyle Anna A. Obizhaeva

University of Maryland New Economic School
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Overview

This paper combines dimensional analysis, leverage neutrality,
and a principle of market microstructure invariance to derive
scaling laws.

• Scaling laws relate transaction costs functions, bid-ask spreads,
bet sizes, number of bets, and other �nancial variables in
terms of dollar trading volume and volatility.

• These laws are tested using a data set of trades in the Russian
stock market and �nd a strong support in the data.

• These scaling laws provide useful metrics for risk managers and
traders; scienti�c benchmarks for evaluating issues related to
high frequency trading, market crashes, and liquidity
measurement; and guidelines for designing policies.
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A General Picture

The scaling laws in �nance can be derived using di�erent
approaches:

• Empirical conjectures and tests: Kyle and Obizhaeva (2016).

• Derived results from a dynamic equilibrium model: work in
progress.

• Physicists' approach: this paper.
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What Kind of Scaling Laws?

The microstructure invariance principles discussed in this paper are
not related to power laws in the tails of probability distributions.

Instead, results describe log-linear relationships among
microstructure variables related to dimensional consistency.

Example: Square-Root Model of Price Impact

TCost1 = Y1 · σ1/T 1/2 ·
(

QS

VS/T

)1/2

Note that Y is the same constant for all assets

• TCost is dimensionless. All units of time and shares cancel so
that right side is also dimensionless.

• This dimensional consistency is not shared by all models.

• What other models have such consistency?
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Dimensional Analysis

Physics researchers obtain powerful results by using dimensional
analysis to reduce the dimensionality of problems (the size and
number of molecules in a mole of gas, the size of the explosive
energy, turbulence).

• Physics: fundamental units of mass, distance, and time &
conservation laws based on laws of physics.

• Finance: fundamental units of time, currency, and shares &
conservation laws based on no-arbitrage restrictions.
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Dimensional Analysis and Physics

What is the time of oscillation T of a pendulum? Time has units of
seconds [s]. Suppose time T = f (M, L, g):

• mass M is in [g ],

• length L is in [m],

• gravity acceleration g is in [m/s2].

T =

√
L

g
· f (dimensionless variables) =

√
L

g
· f (·) =

√
L

g
· const.

Then, use the law of conservation of energy to �nd a constant.

À.Îáèæàåâà, ÐÝØ ëèêâèäíîñòü è ìèêðîñòðóêòóðà ðûíêà 25/66



Dimensional Analysis and Finance

In �nancial markets, institutional investors trade by implementing
speculative �bets� which move prices. A bet is a decision to buy or
sell a quantity of institutional size.

Trading is costly; bets tend to move market prices.
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Transaction Costs

Let Gjt := g(Qjt ,Pjt ,Vjt , σ
2

jt ,C ) denote the price impact cost as a
fraction of the value traded Qjt · Pjt . The price impact Gjt is
dimensionless, , e.g. in basis points, and it is a function of

• bet size Qjt in units of shares [s],

• stock price Pjt in units of dollars per share [us−1],

• share volume Vjt in units of shares-per-day [st−1],

• volatility σ2jt in units of per-day [t−1],

• bet cost C = E{Gjt · Qjt · Pjt} in units of dollars [u].
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Dimensional Analysis

Since the value of Gjt := g(Qjt ,Pjt ,Vjt , σ
2

jt ,C ) is itself
dimensionless, consistency of units implies that it cannot depend on
the dimensional quantities Pjt , Qjt , and σ2jt .

Thus, dimensional analysis implies that the function g() can be
further simpli�ed by writing it as function of two dimensionless
variables.

Gjt = P0

jt · Q0

jt · (σ2jt)0 · f (two dimensionless variables)
= f (two dimensionless variables).

À.Îáèæàåâà, ÐÝØ ëèêâèäíîñòü è ìèêðîñòðóêòóðà ðûíêà 28/66



Dimensional Analysis

There are three sets of distinct units and �ve dimensional
quantities�Qjt , Pjt , Vjt , σ

2

jt , C .

Form two independent dimensionless quantities:

Ljt :=

(
m2 · Pjt · Vjt

σ2jt · C

)1/3

, Zjt :=
Pjt · Qjt

Ljt · C
,

Ljt :=

(
us−1 · st−1

t−1 · u

)1/3

, Zjt :=
us−1 · s

u
.

where m2 is a dimensionless scaling constant.
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Dimensional Analysis

Thus, dimensional analysis implies that the function g can be
further simpli�ed by writing it as g(Ljt ,Zjt).

Gjt := g(Ljt ,Zjt).
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Leverage Neutrality

To re�ne the transaction cost model further, introduce a
conservation law in the form of leverage neutrality.

This is closely related to Modigliani-Miller equivalence, the idea
that a change in leverage�the ratio of �rm's debt to �rm's
equity�does not a�ect the underlying economics of the risk
transfer represented by a bet of Qjt shares.
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Leverage Neutrality

Suppose the stock is levered up by a factor A (e.g. A = 2) as a
result of paying a cash dividend of (1− A−1) · Pjt �nanced with
cash or riskless debt.

• Qjt does not change, and trading volume Vjt does not change.

• the dollar cost of the bet C does not change either.

• the ex-dividend price of a share is A−1 · Pjt .

• σjt increases to A · σjt .

• each share continues to have the same dollar risk Pjt · σjt .

Ljt changes to A−1 · Ljt and Zjt remains unchanged.
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Leverage Neutrality

Percentage cost Gjt of executing a bet of Qjt shares changes by a
factor A, since dollar cost did not change but dollar value changed.

Leverage neutrality implies that g(A−1 · Ljt ,Zjt) = A · g(Ljt ,Zjt).

For A = Ljt :

g(Ljt ,Zjt) = L−1

jt · g(1,Zjt). (1)

Then, if f (Zjt) := g(1,Zjt), we get a very important formula:

Gjt =
1

Ljt
· f (Zjt).
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Transaction Costs Model

A general speci�cation for transaction costs functions consistent
with the scaling implied by dimensional analysis and leverage
neutrality:

g(Qjt ,Pjt ,Vjt , σ
2

jt ,C ) =

(
σ2jt ·C

m2·Pjt ·Vjt

)1/3

·f

((
σ2jt ·C

m2·Pjt ·Vjt

)1/3

· Pjt ·Qjt

C

)
.

It is consistent with di�erent assumptions about the shape of the
function f .
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Liquid Markets

Given the choice of a constant m2 such as E{|Z̃jt |} = 1, the
variables Ljt and Zjt have an intuitive interpretation:

• 1

Ljt
= C

E{Pjt ·|Q̃jt |}
is �illiquidity index� measuring average cost.

• Zjt =
Pjt ·Q̃jt

E{Pjt ·|Q̃jt |}
is �scaled bet size� relative to the average

size.

More liquid markets are associated with more bets of larger sizes
(2-to-1 ratio):

• Bet size E{Pjt · |Q̃jt |} = C · Ljt .

• Number of bets per day γjt =
σ2jt
m2 · L2jt .
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Market Microstructure Invariance

Extra assumptions are necessary to make our predictions
operational.

• Three of the quantities�asset price Pjt , trading volume Vjt ,
and return volatility σjt�can be observed directly or readily
estimated from public data feeds.

• Qjt is a characteristic of a bet privately known to a trader.

• Invariance: the dollar value of C and the dimensionless
scaling parameter m2 are the same!

These assumptions are related to bet size and transaction costs
invariance hypotheses. Preliminary calibration gives C ≈ $2, 000
and m2 ≈ 0.25.
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Transaction Costs Models

Suppose f is a power function of the form f (Zjt) = λ̄ · |Zjt |ω.

• A proportional bid-ask spread cost (ω = 0) implies

Gjt = const · 1

Ljt
.

• A linear market impact cost (ω = 1) implies

Gjt = const ·
Pjt · |Qjt |
C · L2jt

.

• A square-root market impact cost (ω = 1/2) implies

Gjt = const · σjt ·
(
|Qjt |
Vjt

)1/2

.
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Liquidity

Our measure of liquidity is consistent in terms of units:

Ljt :=

(
m2 · Pjt · Vjt

σ2jt · C

)1/3

∼

(
Pjt · Vjt

σ2jt

)1/3

.

It is the correct way to construct empirical measure of Kyle's
lambda.
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Illiquidity index and Amihud Measure

The linear price impact model in the spirit of Amihud (2002) and
illiquidity measured as σjt/(Pjt · Vjt):

Gjt = const ·
σjt

Pjt · Vjt
· Pjt · |Qjt |.

It is inconsistent unless the constant term has units equal to
�per-square-root-of-time.� It is equivalent to our price impact model

if the constant above is proportional to γ
1/2
jt .

Thinking about this measure as implementation of λ = σV /σU
from Kyle (1985) requires dollar volume Pjt · Vjt to be divided by

γ
1/2
jt to make it proportional to the standard deviation of dollar
order �ow imbalances.
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Data

• One-minute data from the Moscow Exchange for
January�December 2015 provided by Interfax Ltd.

• 50 Russian stocks in the RTS index as of June 15, 2015.

• The Russian stock market is centralized with all trading
implemented in a consolidated limit-order book.

• Small tick and lot sizes.
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Tests for Bid-Ask Spread

Let Sjt denote the bid-ask spread. Then,

log

(
Sjt
Pjt

)
= const+ 1 · log

(
1

Ljt

)
.
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Spread: Results
Tuesday, April 19, 2016 01:22:20 AM 1Tuesday, April 19, 2016 01:22:20 AM 1
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In aggregate sample, the slope is close to 1! R-square is 0.876.

log(Sjt/Pjt) = 2.093+ 0.998 · log(1/Ljt)
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Tests for Number of Trades

Let Njt denote the number of trades and suppose Njt ∼ γjt . Then,

log (Njt) = const+ 2 · log(σjtLjt).
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Number of Trades: Results
Tuesday, April 19, 2016 01:23:43 AM 1Tuesday, April 19, 2016 01:23:43 AM 1
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In aggregate sample, the slope is close to 2! R-square is 0.882.

log(Njt) = −3.085+ 2.239 · log(σjtLjt)
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Extensions

The empirical implications of dimensional analysis, leverage
invariance, and market microstructure invariance can be generalized
to incorporate various trading frictions.
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Generalized Transaction Costs Formula

Add the execution horizon Tjt (in units of time), the tick size
KMIN
jt (in dollars per share), and the lot size QMIN

jt (in shares).

Re-scale variables to make them dimensionless and leverage neutral
using the four variables Pjt , Vjt , σ

2

jt , and C :

• |Qjt |
Tjt

→ |Qjt |
Vjt ·Tjt

,

• KMIN
jt → KMIN

jt · Ljt
Pjt
,

• QMIN
jt → QMIN

jt · σ2jt ·L
2

jt

Vjt
.
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Generalized Transaction Costs Formula

Here is the generalized formula with three more extra variables Tjt ,
KMIN
jt , QMIN

jt added:

Gjt =
1

Ljt
· f

(
Pjt · Qjt

C · Ljt
,

|Qjt |
Vjt · Tjt

,
KMIN
jt · Ljt
Pjt

,
QMIN

jt · σ2jt · L2jt
Vjt

)
.
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Optimal Execution Horizon

Suppose the optimal execution horizon T ∗
jt for an order of Qjt

shares depends on Pjt , Vjt , σ
2

jt , C , K
MIN
jt , and QMIN

jt .

Since |Qjt |/(Vjt · T ∗
jt) is dimensionless and leverage neutral, the

same logic implies:

|Qjt |
Vjt · T ∗

jt

= h∗

(
Pjt · Qjt

C · Ljt
,
KMIN
jt · Ljt
Pjt

,
QMIN

jt · σ2jt · L2jt
Vjt

)
.

If tick size and lot size do not a�ect execution horizon,
|Qjt |/(Vjt · T ∗

jt) depends only on Zjt := Pjt · Qjt/(C · Ljt).
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Optimal Tick Size and Lot Size

Setting optimal tick size and minimum lot size is of interest for
exchange o�cials and regulators.

Let KMIN∗
jt and QMIN∗

jt denote optimal tick size and optimal
minimum lot size, respectively.
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Optimal Tick Size and Lot Size

Since the scaled optimal quantities KMIN∗
jt · Ljt/Pjt and

QMIN∗
jt · L2jt · σ2jt/Vjt are dimensionless and leverage neutral, the

scaling laws for these market frictions are

KMIN∗
jt = const ·

Pjt

Ljt
, QMIN∗

jt = const ·
Vjt

L2jt · σ2jt
.
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General Formula for Bid-Ask Spread

Here is a formula for bid-ask spread for the market with frictions:

Sjt
Pjt

=
1

Ljt
· s

(
KMIN
jt · Ljt
Pjt

,
QMIN

jt · σ2jt · L2jt
Vjt

)
.

If tick size and minimum lot size have no in�uence on quoted
bid-ask spreads, then the the relationship simpli�es to

Sjt/Pjt ∼ 1/Ljt

.
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General Formula for Trading Patterns

Here are general formulas for trade sizes X̃jt and number of trades
Njt :

Prob

{
Pjt · X̃jt

C · Ljt
< z

}
= FQ

jt

(
z ,

KMIN
jt · Ljt
Pjt

,
QMIN

jt · σ2jt · L2jt
Vjt

)
.

Njt = σ2jt · L2jt · f

(
KMIN
jt · Ljt
Pjt

,
QMIN

jt · σ2jt · L2jt
Vjt

)
.
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Conclusions

There is a growing empirical evidence that the scaling laws
discussed above match patterns in �nancial data, at least
approximately.

Future research:

• Checking the validity of invariance predictions in other samples,

• Improving the accuracy of estimates and the triangulation of
proportionality constants.
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Invariant Log-Normality of Portfolio
Transition Order Size
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Distribution of Order Sizes

Invariance theory predicts that distribution of scaled bet sizes will
be the same for all assets and times:

ln
( |Q̃|
V

·
[
V · P · σ]2/3

)
.

This �gure shows distributions for 10 volume/5 volatility groups
for portfolio transitions data are very close to a log-normal with
log-variance of 2.53.
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Linear versus Square Root Model
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Switching Points: Korean Data

The �tted line for the regression of the number of switching points
on trading activity is ln(Sit) = 11.156+ 0.675 · ln(Wit/W

∗). The
invariance-implied slope is 2/3.
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NYSE TAQ Prints, 1993
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Èíâàðèàíòíîñòü Ìèêðîñòðóêòóðû Ðûíêà

Îöåíêà èçäåðæåê %Cost(V ,P , σ,Q,Tliq) äëÿ çàÿâêè Q è
âðåìåíè ëèêâèäàöèè Tliq:

• Îáùèé ñëó÷àé äëÿ âðåìåíè ëèêâèäàöèè Tliq:(
σ2 · C
P · V

)1/3

· F

((
σ2 · C
P · V

)1/3

· P ·Q
C

,
Q

V ·Tliq

)
.

• Êàê îöåíèòü áîëåå òî÷íî ôóíêöèþ F () è êîíñòàíòó C?
îöåíêà C = $2000;.
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Ðèñê

• Âñå ôîðìóëû - ýòî ñðåäíåå îæèäàåìîå èçìåíåíèÿ öåí ïðè
ëèêâèäàöèè ïîçèöèè ïîä âîçäåéñòâèåì ñàìèõ òðàíçàêöèé.

• Íî ñóùåñòâóåò òàêæå background price movemets, òî åñòü
åñòåñòâåííîå èçìåíåíèå öåí áåç ó÷åòà òðàíçàêöèè.

• Çà âðåìÿ äî ïðèíÿòèÿ ðåøåíèÿ î çàêðûòèè ïîçèöèè T è åå
ëèêâèäàöèè Tliq öåíû èçìåíÿòñÿ íà σ ·

√
T + Tliq.
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Äðóãèå Ñôåðû Ïðèìåíåíèÿ

• Èçäåðæêè: òðàíçàêöèè, ñòðàòåãèè.

• Îïðåäåëåíèå ìàðæèíàëüíûõ òðåáîâàíèé.

• Îïðåäåëåíèå haircuts äëÿ ðåïî-òðàíçàêöèé è äðóãèõ
îïåðàöèé ñ çàëîãîì. Åñëè ëèêâèäíûå áóìàãè ìîãóò áûòü
ïðîäàíû áûñòðî è ñ íåáîëüøèì äèñêàóíòîì, òî repo
haircuts íåáîëüøèå.

• Èññëåäîâàíèå ñòàáèëüíîñòè ôèíàíñîâîé ñèñòåìû
(íàïðèìåð, Î�ce for Financial Research â ÑØÀ)

• Ðàçìåðû ìîíåòàðíîé/êóðñîâîé ïîëèòèêè, QEs,tapering.

Èñõîäÿ èç íàøèõ çíàíèé, äëÿ âñåõ ýòèõ îöåíîê íåîáõîäèìî
ó÷èòûâàòü ëèêâèäíîñòü ðûíêà, ðàçìåð ïîçèöèé, ñêîðîñòü èõ
ïîòåíöèàëüíîé ëèêâèäàöèè (è îäíîâðåìåííûå òðàíçàêöèè
äðóãèõ èãðîêîâ).
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Ïðèìåð - Äèñêîíò Ëèêâèäíîñòè

LiquidityDiscount = %Cost(V ,P , σ,Q,Tliq)

• V - îáúåì, σ - âîëàòèëüíîñòü, P -öåíà,

• Q - ðàçìåð ïîçèöèè, Tliq - âðåìÿ ëèêâèäàöèè,

• Ýêñïèðàöèÿ ->àâòîìàòè÷åñêàÿ �áåñïëàòíàÿ� ëèêâèäàöèÿ?

• Äåôîëò -> íåîáõîäèìîñòü óñêîðåííîé ëèêâèäàöèè?
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Ïðèìåð - ñòàâêè ÐÅÏÎ

Haircuts = α · σ ·
√

T + Tliq +%Cost(V ,P , σ,Q,Tliq) + fee

• T - ñðîê êîíòðàêòà (O/N?),

• Tliq - âðåìÿ ëèêâèäàöèè, Q - ðàçìåð ïîçèöèè,

• V - îáúåì, σ - âîëàòèëüíîñòü, P -öåíà,

• α = 1.96 - ôàêòîð áåçîïàñíîñòè (safety factor).

• NB: Âîëàòèëüíîñòü ìîæåò ñèëüíî óâåëè÷èòüñÿ ïðè
ïàäåíèè öåí (leverage e�ect)
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Âîïðîñû äëÿ èññëåäîâàíèÿ

• Îöåíêà èçäåðæåê â çàâèñèìîñòè îò ðàçìåðà ïîçèöèé è
âðåìåíè ëèêâèäàöèè (�re sales costs äëÿ ìàëûõ T ) íà
ðîññèéñêîì ðûíêå.

• Âðåìÿ T (Q) çà êîòîðîå ïîçèöèÿ Q ìîæåò áûòü
ëèêâèäèðîâàíà in orderly manner áåç áîëüøîãî temporary
impact.

• Çàâèñèìîñòü èçäåðæåê îò ñòðóêòóðû ðûíêà, êîëè÷åñòâà
ó÷àñòíèêîâ ðûíêà, èõ ðàçìåðîâ è òä.

• Âçàèìîñâÿçü ìåæäó ëèêâèäíîñòüþ íà �áëèçêèõ� ðûíêàõ
(íàïðèìåð, îáëèãàöèè òîãî æå çàåìùèêà).

• Èçó÷åíèå ñòðàòåãèé ó÷àñòíèêîâ ðûíêà è ìîíèòîðèíã
âåðîÿòíîñòè îäíîâðåìåííîé ëèêâèäàöèè ïîõîæèõ ïîçèöèé.
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